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I. INTRODUCTION
Hard exclusive processes provide an opportunity to access
the internal structure of hadrons. As usual the processes with
nucleons are of special importance due to their experimental
availability. The theoretical description of exclusive processes
is based on the QCD factorization approach [1–5]. It intro-
duces a notion of the hadron distribution amplitudes (DAs)
which can be thought of as momentum fraction distributions
of partons in configurations with a fixed number of Fock con-
stituents. Hadron DAs are customary defined as hadron matrix
elements of the corresponding nonlocal operators which can
be classified according to their twist. In the factorization ap-
proach the dominant contribution to an amplitude of exclusive
process in the large Q2 limit comes from DAs of lowest possi-
ble twist – minimal number of constituents – two for mesons
and three for baryons. The QCD approach, however, faces
conceptual difficulties in application to baryons (see Refs. [6–
10]) and fails to provide a quantitative description for Q2 ac-
cessible in the current and planned experiments. In particular,
this concerns the description of the electromagnetic nucleon
form factors.
Attempts to get a more realistic description of the nucleon
electromagnetic form factors within the light-cone sum rule
(LCSR) approach [11–13] by taking into account power sup-
pressed corrections were undertaken in Refs. [14–17] at the
leading order in αs and in Refs. [18, 19] at the next-to-leading
order. In this approach the higher twist nucleon DAs enter
the expressions for the form factors as nonperturbative inputs.
However, the present day knowledge of the nucleon DAs is
quite poor. Only the leading twist (twist−3) nucleon DA is
known with some degree of certainty (see e.g. Ref. [19] and
reference therein). At the same time, it is well known that the
higher twist DAs can be split into two parts – the kinemati-
cal and dynamical ones. The latter defines a genuinely new
nonperturbative function while the former can be expressed in
terms of the DAs of lower twist. The approximation in which
only the kinematical part of a DA is taken into account is usu-
ally referred to as the Wandzura-Wilczek (WW) approxima-
tion.
In the case of meson DAs, a procedure for reconstructing
of the Wandzura-Wilczek contribution is well known (see e.g.
Ref. [20]). The WW contributions to the nonforward matrix
elements of twist three operators were obtained in [21–25].
Unfortunately, these methods are not applicable to the nucleon
DAs that are determined by matrix elements of three-quark
operators. As a consequence, the WW relations for the nu-
cleon DAs were known only for few first moments [14, 15].
In the present paper we develop a technique for calculation
of the WW corrections to higher twist DAs. Our analysis re-
lies on the spinor formalism which proves to be very effective
for studies of the nucleon DAs, see Ref. [26]. In combina-
tion with the conformal wave expansion for nonlocal opera-
tors it allows us to simplify substantially the derivation of the
twist−4 WW terms given in [26] and calculate the WW cor-
rections to the twist−5 DAs. Making use of a new summation
formula for conformal series we avoid calculation of certain
normalization coefficients that requires knowledge of the evo-
lution Hamiltonian for the corresponding operators.
The paper is organized as follows: Sect. II is introductory.
We fix the notations and provide definitions for various nu-
cleon DAs in the spinor formalism. In sect. III we explain
our approach on the example of the WW contribution to the
twist−4 DAs. Sect. IV contains details of the calculation of
the twist−5 DAs. The results for all nucleon DAs up to twist
five are collected in sect. V. In several Appendices we explain
some technical issues.
II. NUCLEON DISTRIBUTION AMPLITUDES
The three-quark nucleon DAs of different twist are defined
by matrix elements of the corresponding three quark opera-
tors, see Refs. [14, 26]. Below we present definitions for the
relevant DAs in the spinor formalism. We will follow closely
the notations of Ref. [27].
The leading twist DA is defined as
〈0|ε i jku↓i+(z1n)u
↑ j
+ (z2n)d
↓k
+ (z3n)|P〉=
=−
1
2
(pn)N↓+
∫
Dxe−i(pn) ∑xizi Φ3(x) . (1)
2The integration in (1) goes over the simplex, i.e.
Dx = dx1 dx2 dx3 δ (1− x1− x2− x3). (2)
The up and down spinors, q↑(↓), are the two component Weyl
spinors,
q =
(
q↓
q↑
)
, q↑(↓) =
1
2
(1± γ5)q , (3)
and similarly for the nucleon spinor N. The vector n is an
auxiliary light-like vector (n2 = 0). It can be parameterized
by a Weyl spinor λ as follows
nµσ
µ
αα˙ = λα ¯λα˙ , (4)
where ¯λ = λ †. For later convenience we introduce the second
light-like vector n˜, such that (nn˜) 6= 0 and denote the corre-
sponding auxiliary spinor by µ , (n˜µσ µαα˙ = µα µ¯α˙). We intro-
duce shorthand notations for projections of the quark fields
onto the auxiliary spinors λ and µ
q↓+ = λ α q↓α , q↓− = µα q↓α , q↑+ = ¯λ α˙ q↑α˙ , q
↑
− = µ¯ α˙q
↑
α˙ .
We accept the conventions of Refs. ([28, 29]) for rising and
lowering spinor indices.
The nucleon DAs of twist−4, Φ4, Ψ4, Ξ4, and of twist−5,
Φ5, Ψ5, Ξ5 were defined in Refs. [14, 26]. Below we present
definitions for these DAs in the spinor formalism that is more
convenient for further analysis. We get
〈0|ε i jku↓i+(z1)u
↑ j
+ (z2)d
↓k
− (z3)|P〉=
=
1
4
(µλ )mNN↑+
∫
Dxe−i(pn)∑zkxk Φ4(x) ,
〈0|ε i jku↑i+(z1)u
↓ j
− (z2)d
↓k
+ (z3)|P〉=
=
1
4
(µλ )mNN↑+
∫
Dxe−i(pn)∑zkxk Ψ4(x) ,
〈0|ε i jku↓i−(z1)u
↓ j
+ (z2)d
↓k
+ (z3)|P〉=
=
1
4
(µλ )mNN↓+
∫
Dxe−i(pn)∑zkxk Ξ4(x) (5)
for the twist−4 DAs and
〈0|ε i jku↓i−(z1)u
↑ j
− (z2)d
↓k
+ (z3)|P〉=
=−
1
4
(µλ )mNN↑−(P)
∫
Dxe−i(pn)∑zkxk Φ5(x) ,
〈0|ε i jku↑i−(z1)u
↓ j
+ (z2)d
↓k
− (z3)|P〉=
=−
1
4
(µλ )mNN↑−(P)
∫
Dxe−i(pn)∑zkxk Ψ5(x) ,
〈0|ε i jku↓i+(z1)u
↓ j
− (z2)d
↓k
− (z3)|P〉=
=−
1
4
(µλ )mNN↓−(P)
∫
Dxe−i(pn)∑zkxk Ξ5(x) . (6)
for the twist−5 DAs. Here mN stands for the nucleon mass
and q±(z) ≡ q±(zn). Notice that these definitions differ by
a sign from those given in Ref. [28] due to the nonstandard
charge conjugation matrix C used there.
The twist−3 DA Φ3 can be represented as a series
Φ3(x) = x1x2x3 ∑
N,q
cNq φNq(µR)PNq(x1,x2,x3) , (7)
where µR is the renormalization scale. The common prefactor
is dictated by the conformal symmetry. PNq are the homo-
geneous polynomials of degree N, PNq(sx) = sNPNq(x), that
form an orthogonal system∫
Dxx1x2x3 PNq(x)P†Nq′(x) = δqq′c
−1
Nq . (8)
The index q enumerates different polynomials of the same de-
gree. The polynomials PNq can be obtained as solutions of
one-loop RG equation for twist−3 three quark operators. The
expansion coefficients φNq(µR) are related to the nucleon ma-
trix element of local three quark operators
O
t=3
Nq (µR) = PNq(∂z)O3(z,µR)|z=0. (9)
Here, O3(z,µR) is the (renormalized) light-ray operator
O3(z) = ε
i jku↓i+(z1)u
↑ j
+ (z2)d
↓k
+ (z3) . (10)
Throughout this paper z = {z1,z2,z3} and from now on we do
not show the scale dependence.
The matrix element of the operator (9) can be parameterized
as follows
〈0|Ot=3Nq |N〉=−
i
2
N↓+ (−ipn)N+1 φNq . (11)
The reduced matrix element φNq can be expressed as a convo-
lution integral
φNq =
∫
DxP†Nq(x)Φ3(x) . (12)
To the one-loop accuracy the reduced matrix elements φNq(µ)
have an autonomous scale dependence. More details can be
found in Refs. [28, 30].
The expansion of the higher twist DAs has a similar form
F (x) = ωF (x)∑
N,q
CFNqηFNq(µR)PFNq(x1,x2,x3)+ . . . , (13)
where dots stand for the contribution of quark-gluon opera-
tors which are irrelevant for our purposes. For the twist−4
DAs, F = {Φ4,Ψ4,Ξ4}, the weight function takes the form
ωF (x) = {x1x2, x1x3, x2x3}, respectively, and for the twist−5
DAs, F = {Φ5,Ψ5,Ξ5} one finds ωF (x) = {x3, x2, x1}. The
expansion coefficients ηFNq(µ) are related to the nucleon ma-
trix elements of the (multiplicatively renormalized) local op-
erators of a collinear twist four and five, respectively. The
corresponding polynomials PFNq can be obtained by solving
RG equations. (For the twist four functions, this expansion
was worked out in detail in Ref. [28]).
3Since DAs Φ4 and Ψ4 have the collinear twist four they
receive contributions from the operators of both the geometri-
cal twist four and three. The part due to twist−3 operators is
nothing else than the Wandzura-Wilczek contribution
Φ4 = Φt=44 +ΦWW4 , Ψ4 = Ψt=44 +ΨWW4 . (14)
The chiral DA Ξ4 does not receive contributions from twist−3
operators, i.e. Ξ4 = Ξt=44 . Conformal expansion for the func-
tions ΦWW4 , ΨWW4 was obtained in Ref. [28].Quite similarly, the twist−5 DAs can be represented as
Φ5 = Φt=55 +Φ
WW
5 , Ψ5 = Ψt=55 +ΨWW5 ,
Ξ5 = Ξt=55 +Ξ
WW
5 . (15)
The functions Φt=55 ,Ψt=55 and Ξt=55 contain the contributions
from the local operators of geometrical twist−5, while the
WW parts entail the contributions from the operators of ge-
ometrical twist three and four.
III. TWIST−3 CONTRIBUTION TO Ψ4.
The WW contribution to the DAs Φ4, Ψ4 was originally
derived in [28]. Here we streamline the derivation and obtain
some results which will be used in the next section.
The nonlocal three-quark operator of twist−3 was defined
in Eq. (10). Here we introduce two operators of collinear
twist−4
O4(z,µ) = ε i jku↓i−(z1)u
↑ j
+ (z2)d
↓k
+ (z3) , (16a)
O˜4(z, µ¯) = ε i jku↓i+(z1)u
↑ j
− (z2)d
↓k
+ (z3) . (16b)
The dependence of light-ray operators on the auxiliary spinors
λ , ¯λ is always implied and we will not display it explicitly.
The matrix element of the operator O4(z,µ) defines the DA
Ψ4, while the nucleon matrix element of the operator O˜4(z, µ¯)
vanishes because its helicity is equal to 3/2. Nevertheless,
we consider this operator since it will be necessary for our
analysis of twist−5 functions.
The nonlocal operators O3(z), O4(z,µ), O˜4(z, µ¯) trans-
form in a proper way under the transformations of the
collinear SL(2,R) subgroup of the conformal group. The rep-
resentation T j of the SL(2,R) group ( j is called a conformal
spin) is defined by a transformation law
[T j(g−1) f ](z) = 1
(cz+ d)2 j f
(
az+ b
cz+ d
)
, (17)
where g=
(
a b
c d
)
is a unimodular real matrix. The generators
of infinitesimal transformations S±,S0 have the form
S+ = z2∂z + 2 jz , S0 = z∂z + j , S− =−∂z (18)
and obey the standard sl(2) commutation relations
[S+,S−] = 2S0, [S0,S±] =±S±. (19)
The ′±′ projections of the quark field, q+(z) and q−(z), trans-
form according to the representations T j=1 and T j=1/2, re-
spectively. Thus, the operator O3(z) transforms according to
the tensor product of representations, T 1⊗T1⊗T 1, while the
operators O4(z,µ) and O˜4(z, µ¯) transform according to the
tensor products T 1/2 ⊗ T 1 ⊗ T1 and T 1 ⊗ T 1/2 ⊗ T 1, respec-
tively.
To the one loop accuracy (which we restrict ourselves to),
the expansion of nonlocal operators in terms of local multi-
plicatively renormalized operators reads as follows
O3(z) = ∑
N,k,q
aNk Sk+ΦNq(~z) ∂ k+Ot=3Nq . (20)
Here ∂+ =(n∂ ) is the derivative along the n direction. The op-
erator S+ = S1,++ S2,++ S3,+ is the sum of one-particle gen-
erators. (In what follows we will assume that the conformal
spins of the generators are always determined by the transfor-
mation properties of the objects they act on.) The coefficient
aNk in the expansion (20) has the form
aNk =
Γ(2N + 6)
k!Γ(2N + 6+ k) , (21)
which follows immediately from the consistency equation(
∂++S−
)
O3(z) = 0. The functions ΦNq(z) and PNq(x) form
a biorthogonal basis [30, 32]
PNq(∂z)ΦN′q′(z)
∣∣∣
z=0
= δNN′δqq′ . (22)
To the one loop accuracy multiplicatively renormalized opera-
tors Ot=3Nq are known to be the conformal operators that is they
obey the following equation
[K−,Ot=3Nq ] = 0, (23)
where K− = n¯ρKρ and Kρ is the generator of special confor-
mal transformations. We note also that the functions ΦNq(z)
are shift invariant polynomials while the polynomials PNq(x)
obey the equation(
∑
k
xk∂ 2xi + 2 jk∂xk
)
PNq(x) = 0 . (24)
The conformal expansion for the twist−4 operators O4(z,µ)
and O˜4(z, µ¯) reads
O4(z,µ) = ∑
N,k,q
bNk Sk+ΨNq(z) ∂ k+Ot=4Nq (µ) , (25a)
O˜4(z, µ¯) = ∑
N,k,q
bNk Sk+Ψ˜Nq(z) ∂ k+ O˜t=4Nq (µ¯) , (25b)
where
bNk =
Γ(2N + 5)
k!Γ(2N + 5+ k) (26)
4and we tacitly assumed that the operator S+ involves proper
conformal spins that correspond to the transformation proper-
ties of these operators. The operators Ot=4Nq (µ) (O˜t=4Nq (µ¯)) are
the conformal (lowest weight) operators, i.e.
[K−,Ot=4Nq (µ)] = [K−,O˜t=4Nq (µ¯)] = 0 . (27)
Among such lowest - weight operators there are descendants
of the twist−3 operators, i.e. the operators of the collinear
twist four which can be expressed of terms of the opera-
tors Ot=3Nq .
To construct them, we recall that operators Ot=3Nq are ho-
mogeneous functions of auxiliary spinors λ and ¯λ , Ot=3Nq 7→
Ot=3Nq (λ , ¯λ ). It follows directly from the definition (9) that
O
t=3
Nq (aλ , a¯ ¯λ) = aN+2a¯N+1Ot=3Nq (λ , ¯λ ).
The operators Ot=4Nq (O˜t=4Nq (µ¯)) involve one power of the aux-
iliary spinor µ (µ¯) and are homogeneous polynomials in λ , ¯λ
of the degree (N + 1,N + 1) (N + 2,N), respectively. For
brevity, we will not display λ , ¯λ as the arguments of the oper-
ators.
It is easy to check that the operators
O
t=4,(1)
Nq (µ) =
1
N + 2
(µ∂λ )Ot=3Nq , (28a)
O˜
t=4,(1)
Nq (µ¯) =
1
N + 1
(µ¯∂
¯λ )O
t=3
Nq (28b)
have the necessary degree of homogeneity. Taking into ac-
count Eq. (23) and that K− = 12 µα Kαα˙ µ¯ α˙ does not depend
on λ , ¯λ one immediately verifies that these operators satisfy
the lowest weight condition (27). Hence they can enter the
expansion (25).
The other set of the operators satisfying (27) involves com-
mutators with the momentum operator P
O
t=4,(2)
N+1,q (µ) =
1
4(N + 3)2
(
i
[
Pµ ¯λ ,O
t=3
Nq
]
−
N + 2
2N + 5 i
[
Pλ ¯λ ,O
t=4,(1)
Nq (µ)
])
, (29a)
O˜
t=4,(2)
N+1,q (µ¯) =
1
4(N + 3)(N + 4)
(
i
[
Pλ µ¯ ,Ot=3Nq
]
−
N + 1
2N + 5 i
[
Pλ ¯λ ,O˜
t=4,(1)
Nq (µ¯)
])
. (29b)
Here, Pµ ¯λ ≡ µα Pαα˙ ¯λ α˙ and similar for others. Obviously,
these operators are homogeneous polynomials in λ , ¯λ of the
required degree. Making use of the commutation relations
for the generators of conformal algebra (see Appendix A) and
taking into account Eq. (23), one can easily check that the
above operators satisfy the lowest weight condition (27).
We would like to stress that the twist−3 operator with N
derivatives, Ot=3Nq , gives rise to two twist−4 operators with N
and N + 1 derivatives, respectively. Such a phenomenon was
observed in Ref. [31] where it was shown that this effect is
related to the spin rotation of hadron in the rest frame.
The operators of geometric twist−4 contain the factor (µλ )
or (¯λ µ¯). Indeed, to construct the operator of geometric
twist−4 one has to antisymmetrize a pair of indices and sym-
metrize all others. After contraction with auxiliary spinors
µ(µ¯) and λ , ¯λ the antisymmetrized pair produces the factor
(µλ ) ((¯λ µ¯)).
Our next task is to determine the functions, Ψ(1)Nq , Ψ˜
(1)
Nq and
Ψ(2)Nq , Ψ˜
(2)
Nq which accompany the operators (28), (29) in the
expansion (25). To do this we note that replacing ”− ” →
”+ ” (µ → λ ) in the definition (16a) for the nonlocal operator
O4(z,µ) one gets the twist−3 operatorO3(z). Formally, it can
be written as
λ α ∂∂ µα O4(z,µ)≡ (λ ∂µ)O4(z,µ) =O3(z) ,
¯λ α˙ ∂∂ µ¯ α˙ O˜4(z, µ¯)≡ (
¯λ ∂µ¯)O˜4(z, µ¯) =O3(z) . (30)
First of all, we stress that the operation (λ ∂µ), ((¯λ ∂µ¯)) kills
all operators of the geometric twist−4 in the expansion (25).
Indeed, as was discussed above, they contain the factor (µλ )
and (λ ∂µ)(µλ ) = (λ ,λ ) = 0. Then, taking into account
(λ ∂µ)Ot=4,(1)Nq (µ) = (¯λ ∂µ¯)O˜
t=4,(1)
Nq (µ¯) =Ot=3Nq (31)
and
(λ ∂µ)Ot=4,(2)N+1,q (µ) = (¯λ ∂µ¯)O˜
t=4,(2)
N+1,q (µ¯) =
=
1
2(N + 3)(2N+ 5)∂+O
t=3
N+1,q , (32)
we can bring Eqs. (30) into the following form
∑
N,k,q
{(
aNkSk+ΦNq(z)− bNk S˜k+Ψ
(1)
Nq(z)
)
∂ k+Ot=3Nq
−
bN+1k
2(N + 3)(2N + 5) S˜
k
+Ψ
(2)
N+1q(z) ∂ k+1+ Ot=3Nq
}
= 0 (33)
and similar for the second equation. The generators acting
on the polynomials ΦNq, Ψ(a)Nq correspond to different confor-
mal spins, S+ = S(111)+ and S˜+ = S
( 12 11)
+ since the operators
O3 and O4 transform according to different representations of
the SL(2,R) group. The coefficients at ∂ k+Ot=3Nq have to vanish
identically for arbitrary k. To fix the functions Ψ(1)Nq and Ψ
(2)
Nq
it is sufficient to consider the equations for k = 0,1. Indeed,
the equation for k = 0 results in
Ψ(1)Nq(z) = ΦNq(z) , (34)
while the equation for k = 1 gives
Ψ(2)N+1q(z) =
[
(2N + 5)S+− (2N + 6)S˜+
]
ΦNq(z). (35)
5Using the representation (B.7) for the function Sk+Ψ(i)Nq, one
can check that all equations for k > 1 are satisfied provided
Ψ(i)Nq are given by Eqs. (34), (35).
For the functions Ψ˜(a)Nq , the equations take the form
Ψ˜(1)Nq(z) = ΦNq(z) , (36)
Ψ˜(2)N+1q(z) =
[
(2N + 5)S(111)+ − (2N+ 6)S
(1 12 1)
+
]
ΦNq(z).
Note that the coefficient functions ΦNq(ΨNq) which accom-
pany the conformal (lowest weight) operators in the expan-
sion of nonlocal operators are the shift invariant polynomials,
S−ΦNq(z) = 0 (S−ΨNq(z) = 0) (see Refs. [30, 32] for details).
One can easily check that the polynomials (35), (36) indeed
satisfy this condition.
Thus one gets the following expression for the contributions
of the descendants of the twist−3 operators to the light-ray
operators O4(z) (and similarly for O˜4(z))
O
WW
4 (z) = ∑
N,k,q
bNk Sk+
{
Ψ(1)Nq(z) ∂ k+O
t=4,(1)
Nq (µ)
+Ψ(2)Nq(z) ∂ k+O
t=4,(2)
Nq (µ)
}
. (37)
In order to find ΨWW4 (x) we take the nucleon matrix elements
of both sides of Eq. (37). By definition
〈0|OWW4 (z)|P〉=
1
4
(µλ )mNN↑+
∫
Dxe−i(pn)∑zkxk
×ΨWW4 (x2,x1,x3). (38)
In its turn, for the matrix elements of the operators
O
t=4,(1)
Nq (µ), O
t=4,(2)
Nq (µ) one derives
〈0|Ot=4,(1)Nq |P〉=
1
4
(µλ )mNN↑+
(−ipn)NφNq
N + 2
, (39)
〈0|Ot=4,(2)N+1q |P〉=−
1
8(µλ )mNN
↑
+
(−ipn)N+1φNq
(N + 3)2(2N + 5) .
Here we take into account that nucleon has zero transverse
momentum, pµ ¯λ = pλ µ¯ = 0, and use the equation of motion
relation 2(pn)N↓− =−(µλ )mNN↑+.
Using Eqs. (39) and the summation formula Eq. (B.10), one
can bring the matrix element of the rhs of Eq. (37) to the form
1
4
(µλ )mNN↑+∑
Nq
Γ(2N + 5)φNq
∫
Dxx2x3 e
−i(pn)∑zkxk
×
{
1
N + 2
P(1)N,q(x)−
1
N + 3P
(2)
N+1,q(x)
}
, (40)
where the polynomials P(1)N,q(x), P
(2)
N+1,q(x) are given by the
sl(2) Fourier transform
P(k)N (x) =
〈
e∑
3
i=1 xizi |Ψ(k)Nq
〉
1
2 11
. (41)
Here 〈∗,∗〉 stands for the sl(2) invariant scalar product that is
defined in Appendix B. We have to express these polynomials
in terms of PNq which enter the expansion for twist−3 nucleon
DA, Φ3(x). It follows from Eqs. (1), (7), (20) that
cNqPNq(x) = Γ(2N + 6)
〈
e∑
3
i=1 xizi |ΦNq
〉
111
. (42)
Taking into account Eq. (B.11), one gets for P(1)Nq ,
P(1)Nq (x) = rNq ∂x1 x1PNq(x) , (43)
where rNq = cNq/Γ(2N + 6). Since the generators S j+ and
S j− (here j is multiindex j = ( j1, j2, j3)) are conjugated with
respect to the corresponding scalar product, 〈Ψ|S j+Φ〉 j =
−〈S−Φ|Ψ〉 j, we obtain
P(2)N+1,q(x) = rNq
[
(2N + 5) − x123∂x1
]
x1PNq(x) , (44)
where x123 = x1 + x2 + x3. Inserting (43), (44) into (40) and
comparing the result with (38), we derive the following ex-
pression
ΨWW4 (x) =−∑
Nq
cNqφNq
(N + 2)(N + 3)
× [N + 2− ∂x2]x1x2x3 PNq(x2,x1,x3) (45)
that agrees with [28]. The expression for ΦWW4 does not re-
quire a new calculation. It can be obtained from (45) by a
permutation of arguments, see sect. V.
IV. TWIST−3 CONTRIBUTION TO ΦWW5 .
The function Φ5 receives the WW contributions from the
operators of the geometric twist three and four. We discuss
only the twist−3 contribution because it is a bit involved. The
calculation of twist−4 part is straightforward and follows the
lines of the previous section. The function ΨWW5 can be ob-
tained from ΦWW5 by a simple permutation of arguments.
The distribution amplitude Φ5 is determined by the nucleon
matrix element of the light-ray operator
O5(z) = ε
i jku↓i−(z1)u
↑ j
− (z2)d
↓k
+ (z3) . (46)
This operator transforms according to the tensor product of
SL(2,R) representations, T 1/2⊗T 1/2⊗T 1. The expansion of
the light-ray operator (46) over local operators reads
O5(z) = ∑
N,q,k
dNk Sk+ϒNq(z)∂ k+Ot=5Nq . (47)
We emphasize that the three particle generator S+ in this
expression carries the conformal spins corresponding to the
transformation properties of the operator O5(z), j1 = j2 =
1/2, j3 = 1. The coefficient dNk have the following form
dNk =
Γ(2N + 4)
k!Γ(2N + 4+ k) . (48)
6Again, among the lowest weight operators Ot=5Nq contributing
to (47) there are descendants of the twist−3 and twist−4 op-
erators Ot=3Nq , O
t=4
Nq . The descendants of twist−3 operators can
be chosen as follows:
(i) the first descendant of Ot=3Nq takes the form
O
t=5,(1)
Nq (µ , µ¯) =
1
(N + 1)(N + 2)
(µ∂λ )(µ¯∂¯λ )Ot=3Nq , (49)
(ii) the two more are related to the operators defined in (29)
O
t=5,(2)
N+1,q (µ , µ¯) =
1
N + 2
(µ¯∂
¯λ )O
t=4,(2)
N+1,q (µ) ,
O
t=5,(3)
N+1,q (µ , µ¯) =
1
N + 3(µ∂λ )O˜
t=4,(2)
N+1,q (µ¯) , (50)
(iii) the last two operators are
O
t=5,(4)
N+1,q (µ , µ¯) = i[Pµµ¯ ,Ot=3Nq ] ,
O
t=5,(5)
N+2,q (µ , µ¯) =
1
2(N + 3)
{
[iPλ ¯λ [iPµµ¯ ,O
t=3
Nq ]]
− (µ∂λ )[iPλ ¯λ , [iPλ µ¯ ,Ot=3Nq ]]
− (µ¯∂
¯λ )[iPλ ¯λ , [iPµ ¯λ ,O
t=3
Nq ]]
+
(µ∂λ )(µ¯∂¯λ )
(2N + 7)
[iPλ ¯λ [iPλ ¯λO
t=3
Nq ]]
}
+[iPµ ¯λ [iPλ µ¯ ,O
t=3
Nq ]] . (51)
All these operators are the lowest weight (conformal) opera-
tors, [K−,Ot=5,(a)Nq ] = 0, a = 1, . . . ,5. This fact is obvious for
the first four operators while for the last one it can be checked
with a help of the commutation relations given in Appendix A.
The next step is to determine the coefficient functions ϒ(a)Nq
in the expansion (47). To this end we consider the following
two equations
(¯λ ∂µ¯)O5(z) =O4(z) , (52a)
(λ ∂µ)O5(z) = O˜4(z) . (52b)
Let us substitute the expansions (47) and (25) into Eqs. (52).
The derivatives (λ ∂µ)Ot=5,(a)Nq , (¯λ ∂µ¯)O
t=5,(a)
Nq of the local op-
erators can be expressed in terms of the operators (28), (29)
and their ∂+ derivatives. For the sake of completeness, we col-
lect the corresponding expressions in Appendix C. Note that
the derivatives (¯λ ∂µ¯),(λ ∂µ) annihilate all operators of geo-
metric twist−5 by the same reason as discussed in sect. III.
As a result Eqs. (52) take the form:
∑
Nqk
(
C(1)Nqk∂ k+O
t=4,(1)
Nq +C
(2)
Nqk∂ k+O
t=4,(2)
N+1,q
)
= 0 ,
∑
Nqk
(
C˜(1)Nqk∂ k+O˜
t=4,(1)
Nq + C˜
(2)
Nqk∂ k+O˜
t=4,(2)
N+1,q
)
= 0 . (53)
The coefficients C(i)Nqk, C˜
(i)
Nqk are given by some linear com-
binations of the polynomials ϒ(a)Nq . Since the operators
∂ k+Ot=4,(a)Nq , ∂ k+O˜
t=4,(a)
N+1,q are independent all coefficients C
(i)
Nqk,
C˜(i)Nqk have to vanish. This requirement results in an infinite
number of equations on the ϒNq−functions. Only a few of
them, however, are independent. To fix the functions ϒ(a)Nq , it
is sufficient to consider the equations C(i)Nqk = 0, C˜
(i)
Nqk = 0 for
k = 0,1. All other equations will be satisfied automatically
that can be checked with the help of Eq. (B.7).
The equations C(1)Nq,k=0 = 0 and C˜
(1)
Nq,k=0 = 0 are equivalent
each other and result in
ϒ(1)Nq(z) = ΦNq(z) . (54)
Next, the equations C(1)Nq,k=1 = 0, C˜
(1)
Nq,k=1 = 0 and C
(2)
Nq,k=0 = 0,
C˜(2)Nq,k=0 = 0 take the form
4
∑
a=2
BaN ϒ
(a)
N+1,q(z) =
 S( 12 11)+
2N + 5 −
S(
1
2
1
2 1)
+
2N + 4
ΦNq(z),
4
∑
a=2
B˜aN ϒ
(a)
N+1,q(z) =
 S(1 12 1)+
2N + 5 −
S(
1
2
1
2 1)
+
2N + 4
ΦNq(z) ,
4
∑
a=2
AaN ϒ
(a)
N+1,q(z) = Ψ
(2)
N+1,q(z) ,
4
∑
a=2
A˜aN ϒ
(a)
N+1,q(z) = Ψ˜
(2)
N+1,q(z) . (55)
The coefficients AaN , A˜aN , BaN , B˜aN can be found in Appendix C,
Eq. (C.3). These equations are sufficient to fix the functions
ϒ(a)N+1,q, a = 2,3,4. In fact, it is sufficient to consider any three
of them, the last equation provides a consistency check.
The remaining function ϒ(5)N+2,q can be determined from the
equation C(2)Nq,k=1 = 0 which implies
CNϒ(5)N+2,q(z) =
 S( 12 11)+
2N + 7
−
S(
1
2
1
2 1)
+
2N + 6
Ψ(2)N+1,q , (56)
where the coefficient CN is given in Eq. (C.5). The functions
ϒ(a)Nq are shift invariant, S−ϒ
(a)
Nq = 0, as they should be.
To proceed further, we need to calculate the sl(2) Fourier
transform of the functions ϒ(a)Nq
P
(a)
N,q(x) =
〈
e∑
3
k=1 xkzk |ϒ(a)Nq
〉
1
2
1
2 1
. (57)
Using the method described in the previous section we obtain
P
(1)
N,q(x) = rNq ∂x1 ∂x2x1x2PNq(x) ,
P
(5)
N+2,q(x) = rNq κN (2N + 6− x123∂x2)
×(2N + 5− x123∂x1)x1x2 PNq(x) , (58)
7where, again, x123 = x1 + x2 + x3 and
κN = (4(N + 3)(N + 4)(2N+ 5)(2N + 6))−1 . (59)
The expressions for the polynomials P(2,3,4)N+1,q are a bit more
complicated
P
(2)
N+1,q(x) = rNq
2N + 5
(N + 1)
{
−
3N + 5
2(N + 2)
x123∂x1 ∂x2
+(N + 1)∂x1 + 2(N + 2)∂x2
}
x1x2 PNq(x) ,
P
(3)
N+1,q(x) = rNq
(2N + 5)(N + 3)
(N + 1)(N + 2)
{
−
3N + 4
2(N + 2)
x123∂x1∂x2
+ 2(N + 1)∂x1 +(N + 2)∂x2
}
x1x2 PNq(x) ,
P
(4)
N+1,q(x) =
rNq
2(N + 1)(N + 2)
{
1
2
2N + 3
N + 2
x123∂x1∂x2
− (N + 1)∂x1 − (N + 2)∂x2
}
x1x2 PNq(x) . (60)
Next, we represent the nucleon matrix element of the opera-
tors Ot=5,(a)Nq in the form
〈0|Ot=5,(a)Nq |P〉=−
1
4
mN(µλ )N↑− (−ipn)N Θ
(a)
Nq . (61)
Taking into account Eqs. (49), (50), (51) and Eq. (11), one
obtains for the reduced matrix elements Θ(a)Nq
Θ(1)Nq =
φNq
(N + 2)
,
Θ(2)N+1,q =
(N + 4)φNq
2(N + 2)(N + 3)2(2N + 5) ,
Θ(3)N+1,q =
φNq
2(N + 3)2(2N + 5) ,
Θ(4)N+1,q = 2φNq ,
Θ(5)N+2,q =−
2(N + 4)φNq
(N + 3)(2N+ 7) . (62)
Using the summation formula (B.10), one obtains for the
Wandzura-Wilczek contribution to the matrix element of the
operator O5(z)
〈0|O5(z)|P〉=−
1
4
mN(µλ )N↑−∑
Nq
∫
Dxx3 e
−ip+∑ zixi×{
ζNΘ(1)NkP(1)Nq (x)+ ζN+2Θ(5)N+2kP(5)N+2,q(x)
+ ζN+1
4
∑
a=2
Θ(a)N+1,qP
(a)
N+1,q(x)
}
, (63)
where ζN = Γ(2N + 4). Substituting the explicit expressions
for the polynomials PNq and the reduced matrix elements
ΘNq, one finds after some algebra
〈0|O(5)(z)|P〉=−1
4
mN(µλ )N↑−
∫
Dxe−i(pn)∑xkzk
×∑
Nq
cNqφNq(µ)
(N + 2)(N + 3)BNq(x) , (64)
where
BNq(x) =
[
(N + 2− ∂x1)(N + 1− ∂x2)
− (N + 2)2
]
x1x2x3PNq(x) . (65)
Comparing (64) with the definition (6), one gets
ΦWW5 (x) = ∑
Nq
cNqφNq(µ)
(N + 2)(N + 3)BNq(x) . (66)
The expression for ΨWW5 (x) is given in sect. V and can be
restored from (66) by a simple permutation of arguments. The
calculation of the WW contribution from twist−4 operators to
the DAs Φ5, Ψ5 and Ξ5 is straightforward and we only present
the final result in sect. V.
V. RESULTS
In this section we collect all results for the nucleon DAs.
The conformal expansion for twist−3 and genuine (geomet-
ric) twist−4 DAs reads
Φ3(x) = x1x2x3 ∑
Nq
cNq φNq(µR)PNq(x) ,
Φt=44 (x) = x1x2 ∑
Nq
ANq ηNq(µR)RNq(x) ,
Ψt=44 (x) = x1x3 ∑
Nq
A˜Nq ηNq(µR) R˜Nq(x) ,
Ξ4(x) = x2x3 ∑
Nq
BNq ξNq(µR)ΠNq(x) . (67)
Explicit expressions for the first few functions
PNq, RNq, R˜Nq, ΠNq can be found in Ref. [29]. The Wandzura-
Wilczek contributions to the twist four DAs Φ4 and Ψ4 take
the form [29]
ΦWW4 (x) =−∑
Nq
cNqφNq(µR)
(N + 2)(N + 3)
[
N + 2− ∂x3
]
× x1x2x3 PNq(x1,x2,x3) ,
ΨWW4 (x) =−∑
Nq
cNqφNq(µR)
(N + 2)(N + 3) [N + 2− ∂x2]
× x1x2x3 PNq(x2,x1,x3) . (68)
8The WW contributions to the twist five DAs Φ5 and Ψ5 from
the twist−3 operators read
ΦWW35 (x) = ∑
Nq
cNq φNq(µ)
(N + 2)(N + 3)
[
(N + 2− ∂x1)(N + 1− ∂x2)
− (N + 2)2
]
x1x2x3PNq(x1,x2,x3) ,
ΨWW35 (x) = ∑
Nq
cNq φNq(µ)
(N + 2)(N + 3)
[
(N + 2− ∂x3)(N + 1− ∂x1)
− (N + 2)2
]
x1x2x3PNq(x2,x1,x3) , (69)
The WW contribution from the geometric twist−4 operators
takes the form
ΦWW45 (x) = ∑
Nq
A˜Nq ηNq(µR)
(N + 1)(N + 3) [N + 1− ∂x2]
× x2x3 R˜Nq(x2,x1,x3) ,
ΨWW45 (x) = ∑
Nq
ANq ηNq(µR)
(N + 1)(N + 3) [N + 1− ∂x1]
× x1x2 RNq(x2,x1,x3) . (70)
Finally, for the chiral DA Ξ5, we obtain
ΞWW45 (x) =−∑
Nq
BNqξNq(µR)
(N + 1)(N + 3)
×
{[
N + 1− ∂x3
]
x1x3ΠNq(x2,x1,x3)
− [N + 1− ∂x2]x1x2
(
ΠNq(x3,x2,x1)
+ΠNq(x3,x1,x2)
)}
. (71)
One can check that the first moments of the WW contribution
to the twist−5 DAs agree with the results of Refs. [14, 15].
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Appendices
Appendix A: Conformal group
In this Appendix we collect the commutators of the con-
formal group generators that are necessary to construct the
lowest weight (conformal) operators. The generators in the
spinor representations and their commutators can be found in
Ref. [29]. We list below the relevant ones. Starting from
[iKαα˙ , iPβ
˙β ] = 4
(
δ βα δ
˙β
α˙ iD+ δ
˙β
α˙ iMα
β + δ βα iMα˙
˙β
)
,
where D, Mαβ β and Mα˙ ˙β are the generators of dilatations
and Lorentz rotations, respectively, one gets
[iKµµ¯ , iPλ ¯λ ] = 4i
(
(µλ )(¯λ µ¯)D− (¯λ µ¯)Mµλ − (µλ ) ¯M¯λ µ¯
)
,
[iKµµ¯ , iPµ ¯λ ] =−4(¯λ µ¯) iMµµ ,
[iKµµ¯ , iPλ µ¯ ] =−4(µλ ) i ¯Mµ¯ µ¯ , (A.1)
where Pµ ¯λ = µα Pαα˙ ¯λ α˙ , etc. One also finds
[iMµλ , iPµ ¯λ ] =
(µλ )
2
iPµ ¯λ , [i ¯Mµ¯ ¯λ , iPµ ¯λ ] =
(µ¯ ¯λ)
2
iPµ ¯λ ,
[iMµλ , iPλ µ¯ ] =
(µλ )
2
iPλ µ¯ , [i ¯Mµ¯ ¯λ , iPλ µ¯ ] =
(µ¯ ¯λ)
2
iPλ µ¯ ,
[iMµλ , iPµµ¯ ] =
(µλ )
2
iPµµ¯ , [i ¯Mµ¯ ¯λ , iPµµ¯ ] =
(µ¯ ¯λ )
2
iPµµ¯ .
Let O j ¯j(λ , ¯λ ) be an operator of Lorentz spin j, ¯j at point x= 0
with all indices contracted with spinors λ , ¯λ . Such an operator
transforms under Lorentz rotations as follows
i[Mαβ ,O j
¯j(λ , ¯λ )] =−1
2
(
λα
∂
∂λ β +λβ
∂
∂λ α
)
O
j ¯j(λ , ¯λ ),
i[Mα˙ ˙β ,O
j ¯j(λ , ¯λ )] =−1
2
(
¯λα˙
∂
∂ ¯λ ˙β
+ ¯λ
˙β
∂
∂ ¯λ α˙
)
O
j ¯j(λ , ¯λ ).
One easily finds
i[Mµλ ,O j
¯j(λ , ¯λ )] =−2 j (µλ )O j ¯j(λ , ¯λ ) ,
i[Mµ¯ ¯λ ,O
j ¯j(λ , ¯λ )] =−2 ¯j (¯λ µ¯)O j ¯j(λ , ¯λ ) ,
i[Mµµ ,O j
¯j(λ , ¯λ )] =−(µλ )(µ∂λ )O j ¯j(λ , ¯λ ) , (A.2)
etc. The above equations are useful to check the lowest weight
conditions i[Kµµ¯ ,O] = 0 for various operators considered in
the main text.
Appendix B
In this Appendix, we collect some useful representations
for the coefficient functions ΨNq. Let 〈∗,∗〉 j be a n-particle
sl(2) invariant scalar product defined as
〈Ψ,Φ〉 j =
n
∏
k=1
∫
|zk|<1
d2zk µk(zk)Ψ(z)Φ(z) , (B.1)
where zk are complex variables, j = { j1, . . . , jn} is a multi-
index and the weight function µk(zk) is given by the following
expression
µk(zk) =
2 jk − 1
pi
(1−|zk|2)2 jk−2 . (B.2)
9The generator S0 = ∑i S(i)0 is self-adjoint with respect to this
scalar product, S†0 = S0 and S
†
± = −S∓. The unit operator (or
the reproducing kernel) on this space takes the form
K j(z,w) =
n
∏
k=1
(1− zkw¯k)−2 jk . (B.3)
One can easily check that
Φ(z) = 〈K j(z,w)|Φ(w)〉 j . (B.4)
We define the sl(2) Fourier transform of the function
ΨN(z1, . . . ,zn) as follows
PN(u1, . . . ,un) = 〈e∑
n
k=1 znun |ΨN(z)〉 j . (B.5)
Notice that
ΨN(∂u1 ,∂un)PN(u1, . . . ,un)
∣∣∣
ui=0
= ||ΨN ||2j . (B.6)
For an arbitrary polynomial ΨN , one gets the following rela-
tion between the polynomials PN and ΨN [32]
ΨN(z) =
n
∏
k=1
1
Γ(2 jk)
∫
∞
0
duku2 jk−1k e
−uk PN(u1z1, . . . ,unzn).
Another useful relation holds for the shift invariant polynomi-
als ΨN , S−ΨN = 0. (Note that the coefficient functions ΨNq
of conformal operators entering the expansion of nonlocal op-
erators are always shift invariant.) This new relation reads
Sk+ΨN(z) =
k!
(N + k)!
n
∏
m=1
1
Γ(2 jm)
∫
∞
0
dumu2 jm−1e−um
×
(
n
∑
p=1
upzp
)N+k
PN(u1, . . . ,un) . (B.7)
Taking into account that PN(u) is a polynomial of the degree N
and separating the so-called infinite volume integration, Λ =
∑ui, we arrive at
aNk( j)Sk+ΨN(z) =
χN( j)
(N + k)!
∫
Dnx
n
∏
m=1
x2 jm−1m
×
(
n
∑
p=1
xpzp
)N+k
PN(x). (B.8)
The integral goes on over N−dimensional simplex, i.e.
Dnx =
n
∏
m=1
dxmδ
(
1−
n
∑
i=1
xi
)
, (B.9)
and the coefficients aNk( j) and χN( j) read
aNk( j) = Γ(2N + 2J)k!Γ(2N + 2J+ k) ,
χN( j) = Γ(2N + 2J)Γ(2 j1) . . .Γ(2 jn) ,
where J = ∑ni=1 jn is the total conformal spin. The representa-
tion (B.8) allows us to resum a series over k which appears in
the expansion of nonlocal operators. Namely, we have
∞
∑
k=0
(−i(pn))N+k aNk( j)Sk+ΨN(z) =
= χN( j)
∫
Dnx
n
∏
m=1
x2 jm−1m e
−i(pn)∑i xiziPN(x), (B.10)
where we take into account that an integral of the polynomial
PN with any polynomial of less degree vanishes.
Finally, let us note that there exists the following relation
between the sl(2) Fourier transforms
〈eukzk |Ψ〉 1
2 , j2, j3... = ∂u1u1〈e
ukzk |Ψ〉1, j2, j3... (B.11)
which can easily be checked by expanding the exponent in a
power series and taking into account that
||zn||2j =
Γ(2 j)n!
Γ(n+ 2 j) . (B.12)
Eq. (B.11) allows one to express polynomials PNq entering
WW part of higher twist DAs in terms of the twist−3 nucleon
functions PNq.
Appendix C
In this Appendix we collect expressions for the derivatives
of the twist−5 operators Ot=5,(a)Nq that were used in sect. IV in
order to derive the equations on the functions ϒNq. One easily
finds
(¯λ ∂µ¯)Ot=5,(1)Nq =O
t=4,(1)
Nq ,
(λ ∂µ)Ot=5,(1)Nq = O˜
t=4,(1)
Nq . (C.1)
For a = 2, . . . ,4, we obtain
(¯λ ∂µ¯)Ot=5,(a)N+1q = AaN O
t=4,(2)
N+1q +B
a
N ∂+O
t=4,(1)
Nq ,
(λ ∂µ)Ot=5,(a)N+1q = A˜aN O˜
t=4,(2)
N+1q + B˜
a
N ∂+O˜
t=4,(1)
Nq , (C.2)
where
AN =
{
1, (2N + 5)−1, 4(N + 3)2
}
,
BN =
N + 2
2N + 5
{
0, ((2N + 5)(N+ 3))−1, 2
}
,
A˜N =
{
N + 4
(N + 2)(2N + 5) , 1, 4(N + 3)(N+ 4)
}
,
B˜N =
N + 1
2N + 5
{
((2N + 5)(N + 2))−1, 0, 2
}
. (C.3)
Finally for the last operator we derive
(¯λ ∂µ¯)Ot=5,(5)N+2,q =CN∂+O
t=4,(2)
N+1q ,
(λ ∂µ)Ot=5,(5)N+2,q =CN∂+O˜
t=4,(2)
N+1q , (C.4)
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where
CN =
4(N + 3)(N + 4)(2N+ 5)
2N + 7 (C.5)
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